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You may use any of the results stated and discussed in the lecture

notes, by stating them explicitly. Results from the assignments may

not be used without establishing them.

1. Suppose (X,Y ) is bivariate normal with E(X) = 0 = E(Y ), V ar(X) = σ2 =
V ar(Y ) and a correlation coefficient of ρ = 0.4 between X and Y .
(a) Find the distribution of

Q = X2 +
(Y − ρX)2

1− ρ2
.

(b) Find E(Q). [10+3]

2. Suppose Y ∼ Np(0,Σ).
(a) Let Σ = σ2Ip, and consider two symmetric idempotent p × p matrices P1

and P2 such that P1P2 = P2 = P2P1. If U = P2Y and V = (P1 − P2)Y, find
the conditional distribution of U given V = v.
(b) Let Σ be p.s.d. and Bp×p be symmetric. Show that Y′BY has the χ2

distribution if and only if ΣBΣBΣ = ΣBΣ. [10+11]

3. Consider the following model:
y1 = θ + 2φ+ ǫ1
y2 = θ + φ+ γ + ǫ2
y3 = φ− γ + ǫ3
y4 = 2φ− 2γ + ǫ4,

where θ, φ, γ are unknown constants and ǫi are uncorrelated random variables
having mean 0 and variance σ2.
(a) Show that γ − φ is estimable. What is its BLUE?
(b) What is the degrees of freedom for the residual sum of squares?
(c) Provide an expression for an unbiased estimate of σ2. (Computations are
not required.) [12+2+2]


